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Abstract. The Kormringa relaxation-rate process is derived for a heavy-fermion system. The
approach is based on a time-dependent perturbation theory, which avoids the use of the Ward
identity and ignores possible effects due to 4f rare-earth concentration, employing instead the
Keldysh formalism. The Yoshimori~Kasai Hamiltonian is used to model an electron spin
resonance {ESR) experimment, and the spin relaxation rate is derived from Green functions obtained
within the context of this model. The low-temperature equilibrium properties of the model are
briefly discussed, and an expression for the enhanced mass is derived indicating the transition
from the zero-temperature coherent state to the finite-temperature scattering state, The Korringa
rate process is expressed as an integral equation, and the contribution due to the correlation of
fluctuating impurity spins is identified as a resonance near the Fermi energy within the integrand
of this equation, The results are compared to experimental Esrk work on UBejs, CeCuaSia
and CeAls, and found to have good qualitative agreement. The model connects the exchange
coupling parameter J to the observation of temperature-dependent non-linear behaviour of the
spin relaxation rate in heavy-fermion systems.

1. Introduction

For over a decade heavy-fermion compounds have generated a vast number of experimental
and theoretical investigations. Compounds such as UBejs, UPty, UgFe and CeCu,Sis
are reprecentative of this class of material, which exhibit enormous values of magnetic
susceptibility and coefficient y of the linear term in the electronic specific heat. CeCusSiap
has been classified as a Kondo lattice, exhibiting, below the Kondo temperature Ty, a
logarithmically increasing electrical resistance with decreasing temperature similar to dilute
Kondo alloys. Also, the rare-earth ion of the intermediate-valence materials fluctnates
between two charge states such as Ce** and Ce (f9, '), other charge states being
considered inaccessible in energy. Gandra et al (1985) measured the electron spin resonance
(esR) of UBey3 doped with local moments of vatious rare-earth impurities, but were unable
to detect any significant anomalies in the thermal broadening of the ESR lines, which was
surprising because of the expectation of an enhanced relaxation due to the unusual heavy-
fermion ground state. Subsequently, Coldea er al (1987) discovered enhanced broadening
of ESR lines of the Gd-doped Kondo-system isostructure Y;.,Ce,Al;. A short time later,
Schlott et al (1988) discovered large temperature-dependent anomalies in the Gd ESR
relaxation rates around the Kondo temperature of Gd-doped CeCuySiy and CeAls, and
attributed this enhanced spin relaxation to Ce 4f spin fluctnations mediated by Ruderman—
Kittel-Kasuya—Yosida (RKKY) coupling.
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In an attempt to explain the strikingly normal behaviour in the studies of Gandra e#
al (1985), Simanek and Sasahara (1987) argue that the enhancement of the Korringa rate
and its anomalous temperature dependence of heavy-fermion compounds is absent in ESR
studies because the Korringa rate is unaffected by the heavy-fermion renormalizations.
This proposal was made before the discovery of the non-linear temperature dependence
of spin relaxation in Y,_,Ce,Al;, CeCusSi; and CeAls, and unfortunately the theoretical
approach is unable to account for these non-linearities. Simanek and Sasahara use the
model of Yoshimori and Kasai (1983) to derive the spin relaxation rate from the transverse
susceptibility by using the Ward identity. They argue that the vertex function associated
with the local spin fluctuation is given by the sum of all Feynman graphs by inserting
a free vertex in each bare conduction-electron line in the set of diagrams obtained by
a perturbation expansion of the fully renormalized conduction-electron propagator. They
contend that, because the self-energy of the dressed conduction-electron propagator does
not contain any bare conduction propagator, there can be no vertex correction to the spin
fluctuation propagator, and therefore the transverse susceptibility is simply given by the
product of fully renormalized conduction-electron Green functions.

Implicit in this reasoning, however, is that the use of the Ward identities demands that
certain conservation laws are preserved by the original Hamiltonian. Early theorefical work
on dense Kondo systems (Read and Newns 1983} shows that the original Hamiltonian does
not conserve particle numbers of f electrons on a given lattice site. This fact may cast
doubt on the satisfaction of the Ward identities where the Green functions are evaluated
using the Hamiltonian of Yoshimori and Kasai. Also, in order to calculate Green functions
in a statistical system by the above approach, one must assume that the system is very
close to thermodynamic equilibrium. In carrying out this programme, the deviation of the
system from the Gibbs distribution must be smail, i.e. external fields must be small. In 3
typical ESR experiment the external field, aside from the RF field, may be quite large, and
one cannot assume the existence of an approximate thermodynamic equilibrium.

Ochi and de Menezes have proposed a model in which the non-linear temperature-
dependent behaviour of the Korringa relaxation process could be described through a large
change of the Fermi energy referred to the position of a *hybridization gap’ (Ochi and de
Menezes 1988). This gap appears in the local density of conduction states at the impurity site
due to the hybridization between the 4f states of neighbouring Ce ions with conduction states
at the impurity site. In this model there arises a large variation with impurity concentration
x of the Fermi energy position relative to the ‘hybridization hole’, and the model gives good
agreement with many experimental ESR linewidth results on Ce-based intermediate-valence
materials (Ochi and de Menezes 1991). This model, however, reproduces the conventional
linear Korringa rate in the limit as x goes to zero, in which case (x = () there are no
4f rare-earth ions surrounding the impurity. The results of Gandra et al {(1985) on UBez
and the results of Gandra et el (1987) on UPts indicate that these materials do not seem to
provide a ‘hybridization hole’ cormrection to the ESR relaxation process. These experimental
resuits fead to the conclusion that the coupling between the uranium ion and rare-earth ion
through the s—f electron interaction is very smail and that observation of the non-linearities
in Korringa rate processes in these materials is not a function of rare-earth concentration
but rather a function of interaction strength.

In this paper we shall take a completely different approach to the problem of computing
the spin relaxation rate of heavy-fermion compounds in an ESR experiment by avoiding the
use of the Ward identity and ignoring possible effects due to the concentration of rare-earth
ions. Our approach will be closer to the actual experimental situation by rejecting the
assumption that the system approaches thermodynamic equilibrium. The problem will be
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treated by perturbation theory within the context of the Keldysh formalism. Keldysh (1965)
provided an elegant method of applying Feynman diagrammatic techniques to guantum-
statistical systems far from equilibrium. We will also adopt the time-dependent approach
of Cini (1980) in computing the electron propagators that enter the theory. This time-
dependent approach provides a simple technique for calculating transport properties such as
the Korringa relaxation. The physical quantities such as magnetization and susceptibility
are computed, as Simanek and Sasahara have dome, using the model of Yoshimori and
Kasai. This model jis derived from the ‘periodic Anderson model’, but the assumption is
made that one can neglect all contributions to the self-energy from perturbation terms that
include inter-site propagators, and we base our approximation on the ansatz that each f
state in the lattice ts independent, i.e. there are no interatomic f—f correlations. Because
we assume that the system does not undergo a magnetic transition, the question of f-f site
correlations is not crucial to the model, but unfortunately the model cannot account for
possible magnetic frustration effects in heavy fermions as proposed by Coles et al (1987)
and Kugel and Khomskii (1985). In spite of several shortcomings, however, this model
provides a representation of the many-body effects of the Coulomb repulsion between f
electrons and the main features of dense Kondo systems.

In order to discuss the spin relaxation rate in rigorous quantum-mechanical terms, a
model, following Yoshimori and Kasai, of a heavy-fermion compound subjected to an
ESR experiment will be developed in the following section. The time-dependent problem
of a dense Kondo system with embedded magnetic impurities will be formulated, and the
magnetic susceptibility will be seen to be an expression in terms of retarded Green functions
and the retarded s-electron self-energy for the Anderson model of a single magnetic impurity,
Using a technique developed in a previous paper (Wright 1994), the retarded Keldysh self-
energy is evaluated in the appendix. A by-product of evaluating this self-energy with the
Keldysh formalism is that the temperature associated with the divergence of the vertex part
(Kondo 1964) is pushed to infinity, and since this divergence is implicit in the equilibrium
technique of Simanek and Sasahara at Ty, we see a further advantage of abandoning an
approach based on free vertex insertions. The rate of the Korringa relaxation process will
be obtained by using a procedure (Cini 1980) where the system Hamiltonian is assumed to
evolve in time to a constant final value and the asymptotic form of the time-dependent Green
function is obtained from its frequency-dependent Fourier transform. The low-temperature
equilibrium behaviour of the model will be briefly discussed in terms of a Fermi liquid
and Luttinger’s theorem, and an expression for the enhanced mass will be derived that
demonstrates the transition from the zero-temperature coherent state to the finite-temperature
non-coherent scattering state. Upon evaluating the ESR relaxation process, we will see how
non-linearities arise around the Kondo temperature and how the impurity spin probes the
renormalized conduction-electron density of states.

2. Formulation

The model of Yoshimori and Kasai (1983) describes a dense Kondo system using the
Hamiltonian

Hyg = EGkaC};,Cka + VZ:(C;;fka + o fib) Zév(k)f;fka +U
ko ko ko

x> [ fafify (1)
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where ey (k) is the band energy of valence electrons, U is the on-site Coulomb energy and
V is the conduction-electron-f-electron mixing parameter. Yoshimori and Kasai make the
important assumption that the inter-site contributions to the self-energy of the one-particle
Green function and to the vertex part can be rejected. They also ensure that the model
describes a metal by giving a small dispersion to the f-band energy,

ey(k) = we o L (2)

We modify the above Hamiltonian to include a small time-dependent perturbation due
to the RF field of the ESR experiment,

H = Hyx + Hrr + Hzeemm
Hyp = —1yRh(Sy + S5_) cos(Qr) €))
Hzeemun = YRS - Hey

where y is the magnetogyric ratio, # is the RF magnetic field magnitude, (S, S_) are
angular momentum raising and lowering operators that characterize a local moment of spin
S, €1 is the frequency of the linearly polarized RF field, and H,, is the externally applied
steady magnetic field,

Using standard techniques we write for the retarded f-electron Green function and the
retarded conduction-electron Green function, respectively,

Gi(r,r'; @) = gi(r, v, Q) VG (r, 7', @)
+ f f g, m; @) T%(r), T2 @) GH(re, 7' @) dry dr 4)
Gir, vy @) = gi(r. v'; ©) + gi(r, v, 0)VGi(r, r'; 0) (5

where the lower-case g represents a bare propagator of a non-interacting particle, the upper-
case G represents a fully dressed propagator, and I, is the Keldysh retarded self-energy for
a single impurity located at the origin of the coordinate system. Because the assumption is
made that all contributions to the self-energy from perturbation terms that include inter-site
propagators can be neglected, we follow Yoshimori and Kasai and assert that If has the
same form as that in the Anderson model of a single impurity. We have consigned the
derivation of the Keldysh retarded self-energy for the Anderson model of a single magnetic
impurity to the appendix. Using the following relations

gl (r w)gy(r, v w) = 8(r — ) 6)
gl (m @)gi(r, v ) = 8(r — 1) (N
gz (ri ) = 0 + (B*/2m)V} — Hye + Hzeeman (8)
g7 (r; @) = © + (B /2m)V} ~ Hre + Hzeeman ®)

we can write the Keldysh equation (Keldysh 1965) for the retarded conduction-electron
Green function:

Gi(r,7'i @) = gi(r, v 0} + f f ge(r, 715 @) EF (1), o @)Gi(ra, 5 @) dry dirs. (10)
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Because the Zeeman term in equations (8) and (9) merely provides a constant
displacement in energy, we have absorbed it in the definition of w:

@ —> 0+ Hzeernm

Operating on both sides of equation (10} with g.~' we find:

(cuHVf,)Gg(r, ' w):=3('r'—1-')+-/-E’(r,rl;w)G;(r1,r’; endr; (1)

where
V235(r, — )
= r,r ) = 12
(r.75; @) w— c:f(ﬁz/',lirn)v,?-l — Bie{w) — Hre (12
and
oC
Ei(w) =f E(0, 7 ) dry. (13)
—CQ
Upon taking the Fourier transform of equation {11) with respect to 7', we find
o 2 2 2 13—t
GZ(T‘, k; Cr)) = W{m -a" — HRF -V [(t) -aT — Z:f(to) - HR.'FY- }_ (14)
where
a? = (B 12m)k2. (15)

For the sake of simplicity of calculation, the assumption is made that the lattice attains
enough symmetry so that the following dispersion relation may be written:

Viﬁ_ik.r = ___k?.c—i.k-'r'_ (16)

We are concerned with the calculation of the time-ordered finite-temperature Green
function. Defined in the standard way it is

GT(r, 17, 1" = —UTTY (r, YT (', 1)) (an

where T represents the time ordering and y are Heisenberg electron field operators. The
angular brackets denote a thermal average taken with an unperturbed density matrix and the
number density is given by
p(r,t) =~i lim lim G"(r,1; 7, 1). (18)
= t40 P —r
In order to connect the time-ordered Green function to the retarded and advanced Green

functions of the Keldysh formalism, one can show (Cini 1980) that, provided 7 is any time
earlier than ¢ and ¢,

Glr 1 k. 1) =i®¢ — 1) Z FoGi (k. t: g, TG, 15 k, 1) —1O(t — 1)
q

x 3 (1 - )G k. 1: 0. DG T3 k. 1) (19)
q
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where fi is the Fermi function and ®(¢ — t’) is the Heavyside step function. We follow
Cini (1980) and consider the initial state of conduction electrons to have an unperturbed
system Hamiltonian Hyx. At time t = 0 we turn on the external fields (Hex 3> £) and we
are thus interested in G of equation (19) for ¢ > O and ¢' = ¢ + 0 and 7 is taken to be just
less than 0. We have H = Hyg for ¢t < 0 and H = Hyg + Hzeeman = HT = constant for
t > 0. A thermal average over the eigenstates of H' yields the result

Gk, t; K 1) = Gk, K7 1) (20}

where G*f is a single-particle electron Green function calculated with the constant final-state
Hamiltonian, The transverse component of the magnetization at position », and at time ¢,
is

Mt(r,t)=Tr_g( ( ++S‘ Zf |G, ks z)F) (21

where Trg indicates a trace over angular momentum states.
Following Simanek and Sasabara (1987) the rate of the Korringa relaxation process is
expressed in terms of the local transverse spin susceptibility by

1/Ty = (CkgT/£2) Im x:(r, §2) (22}

where £2 is the resonance frequency of the experiment and C is a constant that is proportional
to the square of the exchange coupling parameter J used to evaluate s—f self-energy. We
calculate the time-dependent transverse susceptibility by differentiating equation (21) and
assuming that the RF field & is small:

- . 8
XI(T; t) - }El_% a_hM!(Tr t)‘ (23)

The frequency-dependent transverse susceptibility is then obtained from equation (23) by
evaluating its Fourier transform:

X, ) = f T, e ds. @)

-

We see that, in order to obtain the Kormringa relaxation process, G™(r, k;¢) must
be determined. If the assumption is made that the system Hamiltonian evolves to a
constant value after the perturbing field is turned on, then the asymptotic form of the
Fourier frequency transform of equation (13) may be used to obtain the magnetization of
equation (21). This will be done in the following section.

3. The transverse susceptibility

In this section the magnetization of the spin-impurity system will be evaluated in three steps.
First, the frequency-dependent retarded conduction-electron Green function (equation (14))
will be expanded to first order in the small perturbing RF field. Secondly, the asymptotic form
of the time-dependent Green function used to calculate the magnetization of equation (21)
will be obtained from the poles of the frequency-dependent Green function by the method of
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‘Fourier transforms of generalized functions’. The third step will be to write equation (21)
in terms of an integral equation of this time-dependent Green function.

The Green function of equation (14) is expanded to first order in the RF field and found
to be:

e®[w — @a? — Ti(w) — Her)

T . — iker
Golr ks o) = @ — f@n T
20 — (1 +&)a® — E{w)][w — aa® — Bi(w)]
X ( (a2 — fy @Ple? — F-(@)F ) @3
where
Fow) = (1+ @)w — Zi(w) £ {[(1 — @) — THw)] + 4a'V2}”2. 26)

20

We seek the Fourier frequency transform of equation (25), but unfortupately the
transform of this function is not known. Since we are interested in the long-time expansion
of the Green function, we may approximate the Fourier transform by an asymptotic
expression. This is accomplished by evaluating the Fourier transform in the vicinity of
the poles of equation (25) (Lighthill 1959). We approximate equation (25} by

gi(r, k; w) &2(r. k; w)
(@— i) w—t)  (@—)He—0)?

Golr, k; w) = 27

In this form the asymptotic expression for the Fourier transform of equation (26} can be
easily found. The poles of equation (27), £; and {3, are complex numbers obtained by
expanding f{w) about a*:

fr(@) = fa(@® + (@ — a®)[d fe(@)/dw] | oy (28)

The poles of equation (27} are thus

Rig® £ Rpe®
2 ! :
= — ; i i ?

tia=a ((}\.C’Q) +a)+ (Rlel(al—ez)/Rz)(A.elﬂ — Qg)) (29)

where we have used the definitions
Ri(@®)e®) = (1 — a)a® — Th(a?)
Ry(a?)el®e = ( R0 4 4qy2))/2 (30)
MaHe* ) = 1 — [A550) /90 lu=a-

Because « is a small fraction of unity, we can simplify ¢ with the following
approximation;

12 = a® £ [Ro(a) /M) el #, (31)

Also, the second term in equation (27} is dropped because it provides a correction of O(x?)
to the first term,
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Figure 1. Sketch of energy € versus momentum % of Figure 2. The mass enhancement factor as a function
Ret1a: ky is the electron momentum comesponding  of temperature and evaluated with the parameters ¥V =
o the minimum separation in energy between the 1.8 eV and pJ/N =0.50.

quasiparticle bands; e is the Fermi encrgy; and kg is

the quasiparticle momentum at the Fermi level.

We sketch in figure 1 the real parts of ¢; and {2 versus the electron momentum %.
We note that the real parts of the poles of the conduction-electron Green function with
no applied external fields describe quasiparticle hybridized bands with ReZ; giving the
dispersion relation for electrons in the lower band and Re 73 giving the dispersion relation
for electrons in the upper band. The energy where the band gap is a minimum is given the
symbol ¢, and its associated momenturn is called k.

‘We must determine €g, which is a function of temperature. Because our energies are
measured relative to the Fermi level, we have

Re ¢y (ep) = 0. (32)

One can show that, in the absence of self-energy corrections, €z = V in this model, and
thus eg can be obtained by expanding Re{; in a Taylor series about V:

Re{;(¢)
EGE~V——— . 33
} dRef1(€)/3¢ |,y G2
Using the prescription of Lighthill the time-dependent conduction-electron propagator
is found by evaluating the asymptotic form of the Fourier transform of equation (27):

—joretrH Ree~ImE) @ (Tm(g) )£) Ro (g )eilPrlen)-dlen]

Gir k1) =
e ) 202n)3 2V A (ex)
. Ra(e;)elBate)—dlall
R i6) (e} _ _
X( 1€k )€ e RF
jarelhrmH Retadt=Im(L: ) 0 (Im (£, 1) Ry (€ )eltBa (e —#Ca]
202132V A (e;)

(34)

. Rqailfa(er)=d(e)]
b (Rl {er)e!hies 4 - HRF) .

rier)
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The magnetization is found by using equation (32) and equation (3) in equation (21);
S8+ 125 + 1) e?y?h® [2m\? f°° Rae)\?
Mr, 1) = — d
W, 1) e enr i B » € fi/€ O ) cos(Q)

Ra(e)
%) cos[@z(e) — ¢(E)])

Ry(e)
Ae)

% [e-zlm(;.):@(hn@])t) (R, () cos[tn{€)] —

+ e 2m&Y @ (Im(g,)e) x (R,(e) cos[é(e)] +

x cos[@(e) — ¢(e)])]. (35)

We differentiate equation (35) with respect to 4 and take the Fourier transform according
to equation (24) to find the imaginary part of the transverse susceptibility:

2.,223 3/2 oo 2
iy [SEDES DR (7] [ ()

g @y \ A w Ae)
Ry () coslBi(€)]
et il bl . LA 36
[ImEDP + 922 GO
where
Im(£1) = ~[Ra(e)/A(€)] sin[G2(e) — P(€)] (37)
and we have used the fact that Im(%,) = —Im(¢2). We label the energy corresponding to

the solution Im{%) = Im(&) = 0, by €;.

4, Epbhanced mass

It is well known that the low-temperature behaviour of heavy fermions, at sufficiently
long wavelengths and low frequencies, can be described by a Fermi liguid with a highly
enhanced density of states so long as the systems remain normal {(Lee ef ol 1986). It may
be of interest, therefore, at this stage in the development of our model, to consider the
equilibrivm properties of the low-temperature state. It has been emphasized by Schweitzer
and Czycholl (1991) that it is important for any approximation that reproduces the Fermi-
liquid behaviour within the context of the periodic Anderson model to satisfy Luttinger’s
theorem (Luttinger and Ward 1960, Luttinger 1961).

Luttinger’s theorem requires the self-energy imaginary part to vanish at the Fermi energy
at zero temperature. As a consequence, the quasiparticle excitations have infinite lifetime on
the Fermi surface. Away from the Fermi surface at T = 0, however, the quasiparticles have
finite lifetimes and the self-energy imaginary part attains finite values as the temperature is
increased from zero. From equation (14) we identify the frequency-dependent self-energy:

Tk, w) = V/[w — & — Th{w)]. (38)
The self-energy imaginary part is

V2 Im ()

[¢ + Re Z(w)]? + [Im S5()]2 (39)

Im ¥ (k, @) =
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We approximate equation (A35)}for0 <K 1land 0 < T K L.

9p S L A
Re T(w) (QN) [2 * In (wz + (kBT)z)]

20 (TN
Im Syt (w) x-é(ﬁ) :

Using this approximation in equation (39) we find, for Jow temperature and w very close
to the Fermi level, that

(40)

3 2
I Bk, ) & oy AR EE)_ (wz_]_ (sT) )

oV Toe(@)F (@) “h

where
k{w) = In(D* /&)

and where 2D is the width of the conduction band and we have used equation (A1).

This result is qualitatively similar to the analysis of Schweitzer and Czycholl (1990)
where they use a self-consistent approach to the second-order perturbation theory of the
periodic Anderson model and find that the Luttinger theorem is satisfied by Im Z(w) ~
w? + (wT).

The low-temperature Fermi-liquid state is also characterized by a pronounced
enhancement of the effective mass, and it is interesting to investigate the transition
from a zero-temperature state with heavy quasiparticles to a non-coherent scattering high-
temperature regime with no mass enhancement. We specify the enhanced mass in terms of
the quasiparticle amplitude Z, neglecting for simplicity the & dependence of the self-energy
(Varma 1985):

m* 1 1+3ReE”(k,w)

Z 7"
m dew

(42)
w=€p
The enhanced mass in our model, without using the low-temperature approximation,
becomes

"o Vz[(l 354(@)
m dw

){[GF +Re TX(ep) P — [Im E(er) 1’} — 2[ep + Re T (ep)]

x Im B(e )M ]{[EF + Re Z(ep)]? + {Im Tiler) P32
43)
where

ey — 3w(B)

Im Xuler) = G4/ T 2]
1,,.2 2z

o LBe/9 — u()]

Re Zgler) = [4 TR0 + BB “4
2

o= L ((ﬂf) )

In figure 2 we sketch the enhanced mass as a function of temperature. The enhancement
factor is reduced from a large value at T = O to essentially no enhancement at T = 1 K.
This indicates a smooth transition from the zero-temperature coherent state to the high-
temperature scattering state.
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5. Korringa relaxation processes

The integrand of equation (36} contains a resonance centred at €5, a few meV from eg. We
attribute this contribution to the integrand to spin fluctuations of the heavy-fermion ground
state. If one considers the conduction electron as a quasiparticle then, from equation (34),
the quantity Im(Z) determines the rate at which spin correlations decay in the interacting
system. The bare quasiparticle of energy e; becomes renormalized by dressing itself in a
self-energy cloud composed of fluctuating valence states and its spectral density is most
sharply defined where Im({;) = 0. Thus, the impurity spin probes the renormalized s-
electron density of states at the characteristic energy «;.

This resonance is sketched in figure 3. The parameter p is the density of states in the
band, assumed constant, and N is the number of electrons in the system. Each of the three
curves is evaluated for a different temperature, and the width of each peak corresponds to
the spin correlation decay rate of fluctuating f states.

e

03.04 meV

|

d
3 VT 1A

m—’.

[

Figure 3. Integrand of equation (40) near the energy €5 evaluated for three different temperatures:
rf is the inverse of the impurity spin cosrelation time. Curves a, b and ¢ were evaluated with
temperatures T =20 K, T = 15 K and T = 10 K respectively.

Separating ont the contribution due to spin fluctuations, we write the relaxation rate
from equation (22) as

1 , -20/V3  poo Ra(e) )2 Ry () cos[6 ()]
wcmr( [ +Lﬂwﬁ)”ﬁ(ua @GP + 2

J—CkBT

2
s farEs (liz((;';)) Ri(€) cos[f: ()] (43)

where an approximate value for €; can be determined by expanding Im(t;) about €r and
setting Im(¢;) = 0. We find

Im(Z,)

€= T Ym(g)/0e

(46)

e=¢p
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Figure 4. The temperature dependence of the  Figure 5. The temperature dependence of the Korringa

coniribution to the Gd Esr linewidth in {2} CeCupSiz
and (b} CeAls due to impurity spin fluctuations. The
full circles are the experimental data (Schlott et af 1988)
and the full curve denotes the theoretical curve obtained
from the second term in equation (42) evaluated with

relaxation process (Gd ESR linewidth) in (@) CeCupSip
and (b) CeAl;. The full circles are the experimental
data (Schiott ez af 1988) and the full curve denotes the
theoretical curve obfained from equation (42) evaluated
with the parameters (o) pJ/N = 0.560, V =240 eV,

@ = 0003 and {#) pJ/N = 0537, V = 2.01 eV,

the parametess (a) pJ/N = 0560, V = 240 eV,
= o = 0.003.

e = 0003 and (&) pJ/N = 0537, V = 201 eV,
a = 0.003,

The last term in equation (45), the f-spin fluctuation term, is plotted as a function of
temperature in figure 4. This plot is presented with the contribution due to Ce 4f-spin
fluctuations deduced in the ESR spin relaxation experiments of Schlott er af (1988) on
CGCUQSig and CGA];',.

Equation (45} was evaluated numerically, and in figure 5 we plot the ESR linewidth as
a function of temperature and compared with the results of Schlott et af (1988). The trend
in figure 5 indicates that observation of non-linear relaxation behaviour around the Kondo
temperature in heavy-fermion compounds is highly dependent on the magnitude of the s—f
interaction strength. We find that, as the parameter pJ /N becomes smaller, decreasing from
0.60 to 0, the curvature in the Korringa rate process about the Kondo temperature becomes
smaller. With pJ/N ~ 0.50, equation (45}, as plotted against temperature, becomes linear,
corresponding to the conventional Korringa rate.

The curves in figure 5 were obtained using J > 0, indicating ferromagnetic coupling.
Qualitatively similar results can be obtained for J < 0, antiferromagnetic coupling; however,
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the non-linearities of the relaxation rate around the Kondo temperature are greatly enhanced
compated to the ferromagnetic case.

olw

X/ oiw
.-
N B
!
\_/"
x‘ﬂ,w
o

Figure 6. The s-electron self-energy Z in terms of the total proper Keldysh vertex part I'r and
the Keldysh vertex y. The solid lines are bare s-electron propagators and the dotted lines are
bare f-spin propagators. The Keldysh indices are not shown.

156°8°6"

e E é@ o
I080¢ } E@; }

Figure 7. The s—f Keldysh vertex part in the ladder approximation. (A) The total proper vertex
part 't in terms of the proper particle-particle part T, the proper time reversed particle-hale
part I and the Keldysh vertex y. (B) and (C) The ladder sum and integral equation for I" and
r respectively in terms of y and the time-reversed Keldysh vertex y.
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Figure 8. The upper diagram is an abbreviated form of the s—f interaction at the Keldysh
vertex, with the long form of the interaction (represented by the wavy line) shown inmediately
to its right-hand side. To the right of the long form of the interaction is the mathematical
representation of the diagram as the product of the Keldysh tensor with the Dirac delta-function
and the interaction strength. The lower diagram is the interaction at the time-reversed Keldysh
vertex.

6. Conclusion

In this paper I have sought an expression for the Korringa relaxation processes in a heavy-
fermion compound. I attempted to derive the spin relaxation rate by using a time-dependent
approach for evaluating the system Green functions within the context of the Keldysh
formalism. The derivation was microscopic from first principles using the Hamiltonian
of Yoshimori and Kasai. The spin relaxation rate was expressed as an integral equation
containing two terms, a term involving the conventional relaxation processes and a term
making non-linear contributions associated with rare-earth spin fluctuations. Comparison
between a plot of equation (45} and the experimnental results of Schlott et al (1988) shows
good agreement.

The model developed in this paper provides for the non-linearities of the Korringa
relaxation process arising around the Kondo temperature in heavy-fermion compounds by
introducing a dependence on the exchange coupling parameter. As the magnitude of J
decreases in this model, the temperature dependence of the Korringa rate assumes a linear
behaviour.

Appendix

In this appendix the Keldysh retarded self-energy (0, ) will be evaluated for a single
impurity located at the origin of coordinates. The interaction Hamiltonian we will use is the
same as that of the Anderson mode! for a single magnetic impurity. After performing
a Coqblin and Schrieffer transformation {Cogblin and Schrieffer 1969), the total time-
independent Hamiltonian for a single spin impurity is given by

J
Hy= Zekc,:;ck., -+ ZEFC}%Cfg — -ﬁv- Z (Cypa Sgrﬂ)c};g.cgfackarcfg (Al)
ke 8 ceet' BB k!

where N is the number of atoms; J is the s—f coupling constant

J/2N = Vi jer
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€; and e are the bare s—f electron energies relative to the Fermi level; ckw, Chas cfﬁ, ¢rp are
creation and annihilation operators for s, f electrons; and 0y, 2855 are the Paull matrices
for s, f electrons. Henceforth we shall drop the {sf} subscript on the self-energy and all
subscripts on the self-energy and Green functions will indicate elements of a Keldysh 2 x 2
matrix.

As Abrikosov points out (Abrikosov 1965), the representation of the spin operator in
terms of second quantized operators yields for spin other than 1/2, extra ‘unphysical states’.
If, however, we take er 10 be zero (Cheung and Mattuck 1970), then the average number
of f electrons is equal to one, and the only effect of the unphysical states is to introduce a
normalization factor of 2. We will, therefore, calculate the Keldysh s—f scattering amplitude
I’ and the Keldysh self-energy Iy in terms of the ‘exchange’ (J/2N)o - S interaction
by setting € = 0 and assume, in the end, that these calculated quantities are valid for
€r attaining a small but finite vatue. The correspondence between J and the parameters
of the Anderson Hamiltonian, provided by the Coqgblin and Schrieffer transformation, is
thus assumed to be preserved independently of the details of the self-consistent perturbation
treatment of the Keldysh self-energy.

The self-energy is evaluated by performing the sum and integrations represented by
figure 6. The vertex part can be computed from figure 7, and used to evaluate the self-
energy in a self-consistent manner.

The perturbation expansion for the s—f vertex part, in the parquet series, is the sum
of an electron—electron " and an electron—hole part ¥, as shown in figure 7 (the roman
superscripts will denote the Keldysh indices). The diagrams in figure 7 represent integral
equations, which may be translated into functions by associating with each solid line one
of three Keldysh s-electron propagators:

gr. v ) = lim = fw——-—w———p(r"";w)dw (A2)

3> D+271' oo 0 — o 18
I % plr, v o) de’
g =fig oo [ ERE (43
gr,rwy =28 F (g — g) = —itanh(Bw/2)p(r, ', w) (A4)
where
gE(r, v w) = Hif(Fo)p(r, 75 w) (AS)

and where o(r, r'; @) is the s-electron spectral density, f(w) is the Fermi function and
B = 1/kgT. In likewise fashion, each dotted line is associated with one of three f-spin
propagators,

% o{r, r'; o) de’

fier, r'; w)—alrg+ij—r- e iB (A6)
’ d(uf

o= Jim oo | cg wa"_)ls (A7)

fRr, 7, 0) = ~itanh(Bw/2)o (r, '} ) (A8)

where o (7, 7'; w) is the spectral density of the impurity f spin.
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The Keldysh ¢ diagram is an abbreviated form of the s—f interaction and the Keldysh
vertex as shown in figure 8, The value (J/2N)(Oqw - Sppg)y’™ is associated with each
circle, with y“* being a bare Keldysh vertex matrix, and where the Greek subscripts are
associated with a Pauli matrix spin index. The Keldysh vertex matrix is given by

y I = 8yducf (A9)

where o, is the third Pauli spin matrix. The vertex is a unit tensor in the i, j indices,
reflecting that the electron, at the vertex, enters and leaves the same space-time point. A
change in {k, %'} will change the sign of the tensor, reflecting that the point at the other
end of the f.spin propagator can reside on either the upper or the lower branch of the
Keldysh time contour (Rammer and Smith 1986). The &~/ indices of the unit tensor reflect
the assumption that we are dealing with a delta-function contact interaction between the
s conduction electron and the f spin impurity. On performing a transformation (Keldysh
1965) in the Keldysh space, the Keldysh vertex function is written as

VYo = Ve = Oy = Vi = Vion (A10)
Y2 =yl = b =Pl =72 (A11)

where the tilde indicates a time-reversed impurity spin matrix.
Let us examine the electron-electron vertex part first. Figure 7(B) yields

Péjéﬁ a7 e, &, &™)

J J -
= == (Cpa * Spar )y + [ f dry dry dwy ™+ g, (r1, 72; @)
T W,

X fop(T1. 725 0" — co)l":‘f‘;fﬁ”ﬂ,,(m, o, o, oM. (A12)

The spin impurity is assumed to be located at r = 0.
Writing " as the sum of a scalar and vector part in the spin indices (Abrikosov 1965),

Tk g = OTUH g, 8gge + T M g - Sggr (A13)
and utilizing the fact that

Z(aaaf . Sﬁ,ﬂ')(a-a'&” . Sﬁ'ﬂ”) = %aaa”aﬁﬁ” —_— dm:!” - Sﬁﬁ" (A14)

o' B

yields the coupled equations
optilp o' o, 0", @)

3 .
= W ff drydr; dw},lm,kt?](‘f'l)gmn(rl, 25 @) fop(P1, 72 ol — ®)

x! PP oty w0, 6, ™) (A15)

and

lr‘ij;kf(,r’ 'r’; cu’, w,,, mm)
<O L[ o™ gt

X fop (1, 723 0P~ )OTY P (py, 73 @0, 0, 0"y = TP 1y, 13 0, 0", 0]

(A16)
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where a som is implied over repeated Keldysh indices.
Substituting equation (A16) into equation (A15), noting that !I" is independent of » and
o' so that it can be factored out of the integral, we write ' as a column vector:

fé‘(r)

1
(r) = )+ 57 ACT) - - ACT) (A17)
)= A(’F) (A18)
where A is a 16 x 16 matrix, and where the first entry in the I" column is 51} the second

entry is T3 etc
Before computing the elements of A, we note that they are sums of terms of the form

fff drdr'ded (r)g;(r, r'; ) fulr, 7'; o' — ) (A19)

where the spectral density of the s conduction electron, p (v, r'; @), is assumed to be confined
to & band of width 2D. Evaluating g" with this density we find

1 [® 8w+ D) ~8{w — D)ldow' ™
t — % = 1~ .
8=¢ Efﬂf 2 f w—a+id ! b1 sinh(7.D) (A20)
Because n is infinitesimal g"? is infinitesimal. Since g1; = 0, only terms involving

g21 = gF = —ip(r, ) tanh(Bw/2) are considered when evaluating the elements of A,

The spectral density of the impurity is a delta-function, and on evaluating the frequency
integration in equation (A19), we see that the number of terms needed to evaluate each
element of A is reduced from 16 to two, These terms are

21{ey = 5.% fff J(®gn(r, r'; w) fia(r, v’ 0 —w) dr dr'de (A21)
and
2(0) = *fff J(rgnr, v ) fulr, v 0 — w)drdr' do. (A22)

We introduce a local impurity density of states and assume that
ocr,iw)=c@, e =00 w) (A23)
which obey the sum rule
o
f o (r; wydr’ = o{w) = 5{w — ¢r) = 8(w). (A24)
-0
Evaluating equation (A22) using equation (A24) and equation (A3), we find

71 (w) = ——f] drdr’ dwd (T)gn(r, v, o) fulr, v, o' — )

- _Pd P do/ tanh(Be'/2) _ pJ Bo Be
S TNy T e 4N“"‘h(2) 4th(2)+4N

D2
x In (m) = Z(O)) (A25)
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where we have used the assumption that g(r,r") = p, a constant. The remaining term
needed to evaluate the elements of A is computed in similar fashion, and found to be

2a(@) = — f f f dr dr’ dod (PYga(r, v @) fia(r, s of — w)

- PJ Bw pJ D? s
__Eﬁtanh( )+1411'N| (m2+(2/ﬁ)2)_ Z" (w). (A26)

We now evaluate the elements of A. Substituting equation (A18) into equation (A19),
and solving for the column vector 'T", we find that

P e ) = P22 (p, ) = P22 ) = (2;) 8(r)

2Nzl + 232N ()]
1= (J/2N)2* @)1 + 3(J/2N)z* ()]

J
11-12.1](7., CtJ) = IF”'H(T,C!)) = 1I"'n‘]2('r,a)) — |1-122,2!(r‘ O‘)) - (ZN) 3(,',,)

1
=N @) + 22N (@)]

]PIZ;ZI(T‘ Cl)) = ]r\?],]Z(,r, CU) — 11'122:11(7,‘ 0)) — lr]i:n(r’w) =
erZ;lZ(,r‘ CU) = ]1-1]]',21 (T', CU) — 11_‘2]:“(?', w) = lrlz.n(r’ CU) — 11-‘21;22(1_’ CU)

= (J/ZN)8(v). (A2T)
Similarly, we evaluate 'T" using figure 7(B), and find that
- = - ~ J
IFZI'.”(T, CL)) - IFZZ;IZ(T‘ Ct)) = II-lll:ZI (T,Cl)) — |1-112.22(r, 6!)) —_ (ZN)J(T)

(J2M)z(@)[1 + 3(J /2N)z*(w))
1= (J/2N)z*(@)[1 + 2(J/2N)z* ()]

) ) . J
R, ) = 1F22(r, ) = TP, 0) = (ﬁ) "

1
= (T2 @ + 272Nz @)]

11'—'.12;11(1,’6’)) = lfll;lZ(r,w) — 11'1-2'2;'.’.1(,r, Q)) — IFZI;?_Z(T’M) =0
‘f‘”;“('r',&!) — 1?12;!2(,’..’@) = 1f12]l’12('l", Ct)) — ]f\Zl'.Zl(r,w) — lfzz;n(r, CO)

= (J/2N)3(T). (A28)

The conduction-electron retarded self-energy may be cbtained from the vertex part as
shown in figure 6. From the figure, we see that the outgoing spin must always be the sare
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as the incoming spin, and hence, following the analysis of Cheung and Mattuck (1970), the
spin sum for figure 6 is

ST ¥ 8gar + T (Ggar » Spgr)] X (Oure + Sprg) = 2 T 5 (A29)
ppa"
where
. 5
P r, @) = T, w) + TR, ) - JZJ(J') K, (A30)

Expanding figure 6 in the Keldysh indices gives

540, 13 ) = ;J 5(r) f f / f dr' dr” de’ dw”S(r’)( Y P (" @)

nn'po'im

X fro( 7" 0" = @) fr (77, 7 0" — @)[' T (") 4+ 1O (")
— (J /2Ny ]). (A31)

Noting that terms in the sum involving f2; integrate to zero, we find that

2120, @) = 70, T; @)

Z o ji’:) f f f f dr'dr' dw' do"8(r Hen(r', ", &) fr2lr', 7" 0" — &)
x fa (', r" 0 — @)+ g, v, ) (', 0" 0" — ) (v, 7 0 — )
v, [1F22;!l(wll} +f 1‘422.'“(@!!)]}_ (ABZ)
Also
00, rwo)=0

__315(7') s ” ’ 1’4 s P, S
=358 ffffdr dr” dew’ de”8(r g2 (v, r"; &)

v f]z(”". r,r.'; C(J” _ w.r)flz(r." ?"”; Cr)” —m)Ian‘u(w”) + 1F22;12(wif)]

o+ 822(7"1 T”; a)r)le (rr, rfr; Cf)" _ C:)’)

% fZl (‘I", 'i"”.', '’ — (r))[l I-c22.21 (CU”) + 1 1:122.2] (&J”)] ;. (A33)
We subtract equation (32) from equation (A33), and perform the spatial integration to find

S 3 pJZS(fr) o do” tanh(,Bw’/Z)
O o) = N (22‘?’/ f o T = o — o)

+ 2[ j‘ o’ dwué(w” - w) tanh(ﬁw /2
—D J —p0

(wﬂ' — w.')

5 [l PZZ;ZZ(wﬂ) -+ IFZZ;ZZ(GJH) _ [1—12'1;1 1 (CU”) _ lf|22;11 (CU”)]
2 D oo

+ = f / de’ de"8(w” — w)é{w” — w) tanh(Be'/2)
T J-pJ-on

. [lr\22'.22(wﬂ) + 11'-'122.22(wﬂ) + 11-'!22:11(601'.') 4+ 1f~22'.11(wﬂ) _ %(]/.QN)])

(A34)
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These integrations are elementary, and we find "

2(0/87)(T /N8 (T)
r . _ _2 ¥ 3%
L0, m ) = - 7@i+ %z*(w)] [[z(w) @)1 + 327 {(w)]
D? _ N
x In (_—w2 rwey ,8)2) +i{l + z(@)[1 + 3z (w)]}tanh(ﬁw/z)]- {A35)

This is the self-energy, which we use to evaluate equation (30).
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